In this paper penetration of a liquid drop in a porous media is investigated by the lattice Boltzmann method (LBM). Two-phase flow has been simulated by the Lee method which is based on the Chan-Hilliard binary fluid theory. The contact angle between solid, liquid and gas phases has been considered in the simulations. The porous medium is generated by locating square obstacles randomly in a domain. The Reynolds number, the Froude number, the Weber number, viscosity and density ratios are numbered as the non-dimensional flow parameters which influence the domain. The porosity, the Darcy number and the pore to solid length ratio are the non-dimensional characteristics of the porous structures affecting the penetration of liquid inside the porous media. To ensure the validity of the code, the release of a square drop in the computational field was tested and the equilibrium contact angle between the droplet and solid surface was modeled according to Lee. Penetration and the non-absorbed coefficient have been presented to show penetration of the drop. Investigation of numerical results showed that increasing the Reynolds number, the Froude number, porosity and density ratio will increase the penetration rate while increasing the Weber number causes scattering of the drop.
Introduction
Wide ranges of droplet penetration applications in porous substrates have led to myriad experimental and numerical investigations [1] [2] [3] . Any increase in the quality of inkjet printers depends directly on the droplet radius after impingement on a porous surface and its spreading rate. Environmental applications, such as hazard assessment of the accidental release of liquids onto the soil [4] , are mainly concerned with the evaporation rate of the liquid droplet, which is a function of the wet spot area on the surface of the porous medium, exposed to the atmosphere, as well as the penetration depth. Most of the studies focus on the droplet impact on non-permeable and permeable surfaces based on CFD approaches [5] [6] [7] [8] [9] . Recently researchers have been trying to develop fluid flow modeling especially two-phase flows, using the lattice Boltzmann method (LBM) because of its exclusive features such as parallelism of computation, capture of the complex geometries and simple coding. In order to simulate two-phase flows, Shan and Chen [10] proposed a facile method which is executable in complex geometries. He et al. [11] developed the LBM two-phase modeling by introducing two distinct distribution functions for the evaluation of mass, momentum and pressure, but they did not distinguish between thermodynamic and dynamic pressures. In their work parasitic velocities at the interface area have been reduced, but they did not disappear completely. To simulate the contact angle in this method, Shiladitya Mukherjee and John Abraham [12] introduced an external force which acts on a wall and its strength controls the wettability of the surface. Recently Lee [13] suggested a two-distribution function LBE method in which the incompressibility is enforced by the pressure evolution equation. As long as the intermolecular force is expressed in the potential form, the incompressible LBE method for binary fluids is able to eliminate parasitic currents. His method can simulate two-phase flow in the wide ranges of density and viscosity ratios (up to 1000). To model the contact line dynamics on partially wetting surfaces T. Lee and L. Liu [14] developed Lee's method for incompressible binary fluids.
In the current work we have imposed Lee's method in a porous substrate and investigated droplet dynamics after impingement on the permeable surface. Then the effects of flow and substrate characteristics variations have been discussed comprehensively.
Simulation of two-phase flow

Two-phase flow models
Discretization of the force terms in the LBM is considered as a major factor causing the numerical instability and limitation in its use in practical cases as the Shan and Chen model. Using a method that uses the proper expression for the pressure term can be useful in stabilizing the simulations. Taehun Lee in 2005 [15] presented a stable LBM method to simulate the two-phase flow with high viscosity and density ratios by a low Mach number assumption and utilizing the stress and potential forms of the surface tension force. In the absence of external forces, errors resulting from the discretization appear as parasitic velocities near the interface area. Numerical instability will increase with increase in both surface tension and amount of parasitic velocities. Two mechanisms have been proposed to reduce parasitic velocities in the LBM. One is modification of the pressure gradients and surface tension terms formulations and the other one is using the sharp interface method [13] . Wagner [16] showed that using the potential form of surface tension instead of the pressure form could eliminate the parasitic velocities. Lee in 2009 [13] presented a method for simulating the binary fluid flow based on the Cahn-Hilliard diffuse interface theory.
Cahn-Hilliard model
By assuming a binary flow, using the continuity equation for each phase leads to evaluation of composition C as follows:
whereρ i is related to local density and u i is the velocity of the i-th
is also conserved. For convenience, one chooses the heavier fluid as species 1 and the lighter fluid as species 2. Volume diffusive flow rate j i is related to local density and velocity of the i-th component by
where u is the volume averaged velocity, and ρ i is the constant bulk density. By definition of C =ρ 1 /ρ 1 , Eq. (1) can be rewritten as ∂C ∂t + ∇(uC) = −∇j 1 .
If the diffusive flow rate does not relate to the densities but to the local compositions of two components, it yields j 1 = −j 2 = j and from Eq. (3) ∇u = 0. This result is just satisfied in the LBM method at low Mach number. The diffusive flow rate is related to the gradient of the chemical potential µ by the Cahn-Hilliard advection equation:
where M > 0 is the constant mobility.
Cahn and Hilliard [17] asserted that the mixing energy density for an isothermal system takes the following form
where k is the gradient parameter and E 0 denotes bulk energy by
where β is a constant. The classical part of the chemical potential is also derived by the derivative of E 0 with respect to C :
With the assumption of a short-range effect of liquid-gas interaction with a solid surface, the total free energy then takes the following form:
The second term in Eq. (8) models the free energy associated with any interfaces in the system. The second integral in Eq. (8) is over the system's solid surface and is used to describe the interactions between the fluid and the solid surface. C s is the composition at the solid surface and φ i , i = 0, 1, 2, 3, . . . are constant coefficients.
Governing equations
Discrete Boltzmann equations
The Boltzmann equation in discrete form for the mass transfer and momentum equations for a system consisting of two non-compressible fluids can be written as follows: [14] 
In the above equation f α is the distribution function, e α is the α direction microscopic particle velocity, u is the volume averaged velocity, c s is the sound speed, λ is the relaxation time, Γ α = f eq α /ρ and f eq α denotes the equilibrium distribution function as follows:
Intermolecular forces are also calculated according to the following equation
where p is related to the dynamic pressure.
One can impose body forces onto Eq. (11) to consider its effects as follows:
In the above equations g, ρ 1 and ρ 2 indicate the gravitational acceleration, heavy and light densities, respectively.
Eq. (9) is the LBM equation for mass and momentum transfer that should be converted to the momentum transfer pressure evaluation equation. He et al. [11] first used a new variable to calculate the pressure. But they did not make a distinction between the dynamic and thermodynamic pressure. Lee with the definition of another variable presented his model as follows:
The equilibrium distribution function for g α could be calculated by
Taking the total derivative D t = ∂ t + e α ∇ of the new variable g α gives
The other distribution function to compute the value of composition C is defined as h α = (C/ρ)f α and its equilibrium state yields as h
Similarly the total derivative of h α concludes:
One can estimate
Finally by substituting Eq. (17) in Eq. (16) ∂h α ∂t
Before discretizing the equations some points should be highlighted to avoid any misleading. The use of Eq. (9) relies
Kupershtokh showed that imposing this form of body force onto the LBM framework is not precise enough, because it does not exactly convert the equilibrium distribution function to equilibrium ones after the action of the force. He introduced his new approach by taking the full derivative (at constant density) of f instead of the derivative of f eq and called it the Exact Difference Method (EDM). He stated that only the EDM is Galilean invariant and ensures the correct values of distribution functions after the action of body forces. As the LBM has second order accuracy in both space and time, it is important that the body force implementing has second order accuracy, too. Kupershtokh showed that the deviation of (e α − u)Ff eq α /ρc 2 s from the EDM is of the second order in u and is equal to −
, where θ stands for reduced temperature.
In the current work as Lee's model was handled to simulate the two-phase flow, the main feature of the EDM (implementing the body force in second order accuracy) is not covered which may cause some deviated results. But there is one point that should be noted. Besides the EDM having second order accuracy, its application in two-phase flow could not guarantee the elimination of spurious velocities [20] , while Lee's model eliminates the spurious velocities which affect the droplet dynamics and appear at the interface. One other point is that the discretization of Lee's model is non-Galilean invariant and does not conserve mass [21] [22] [23] .
Discretization of equations
The discrete form of Eqs. (15) and (18) along characteristics over the time step δt is summarized as follows:
where g α is introduced to summarize equations
and
Similarly for h α we have
where
Finally the value of compositions, momentum and dynamic pressure can be computed by taking the zeroth and first moments of the modified particle distribution function:
The density and dimensionless relaxation time are taken as linear functions of the composition as ρ
Also the relation between kinematic viscosity and relaxation time is υ = τ /3.
The space discretization must be smooth enough for stability, and accurate enough to comply with the second-order accuracy of the LBE. Low order discretizations deteriorate the accuracy of the LBE and high order discretizations could generate unwanted oscillations. In our computations in this work all gradient and Laplacian terms have been discretized using the compact relations that are second-order accurate as used by T. Lee et al. [15] as follows:
Note that the discretization scheme in this way and use of the Lee method can eliminate spurious velocities at the interface which effectively performs the interfacial dynamics. For more details see Ref. [15] .
Boundary condition
In Cahn's wetting theory, a one-dimensional two-phase problem with planar interfaces is considered. The solid-liquid and the liquid-vapor interfaces are assumed to be perpendicular to the surface. The fluid density is assumed to vary smoothly in the interfacial region as a function of the distance from the surface. For the semi-infinite fluid, which is in contact with the solid surface at z = 0, we can write the total free energy of the system as the sum of the free energy of the bulk fluid Ψ b and the free energy due to the presence of a surface at z = 0, Ψ s (Eq. (8)). To evaluate chemical potential and composition on the wall sites, the first order derivative with second order error is imposed. Cahn assumed that the fluid-solid interactions are short ranged such that they contribute a surface integral to the total free energy of the system. The total free energy becomes as Eq. (8) . In this equation
is a surface free energy density function which depends only on the composition at the surface and S is the surface bounding [24] . A linear term only is sufficient for our purposes so we write Φ(C s ) ≈ −φ 1 C s , where φ 1 is a constant, which we call the wetting potential. Given ξ and β, one can compute the gradient parameter k = φξ 
where n is the unit vector normal to the surface. Another boundary condition is obtained by minimizing the total free energy Ψ with respect to C , yields [13, 25] 
Also one can obtain the surface tensions as [25, 26] 
where σ 12 , σ s2 , and σ s1 are the liquid-gas, solid-gas, and solid-liquid surface tensions.
2kβ is the dimensionless wetting potential. One can obtain a relation for wetting angle using Eqs. (32) and (33) and considering Young's law (cos θ eq = (σ s2 − σ s1 )/σ 12 ) as follows:
For evaluating the wetting potential according to a given contact angle, the inversion form of Eq. (34) is written in the range of 0 < θ eq < π as
where α = arccos(sin 2 θ eq ) and sgn(x) stands for the sign of x. It is necessary to evaluate the second derivative of C with respect to the direction perpendicular to the wall on the solid sites. For this reason the following relations would be applied ∂C ∂z where z is the direction perpendicular to the wall. To evaluate the first term on the right hand side of Eq. (37), Eq. (36) will be used and the second term is calculated by a standard centered finite-difference formula. Also it has been found empirically that the best choice for the third term can be considered as [26] ∂C ∂z
The problem of incorporating wetting into a lattice Boltzmann scheme is in essence finding a way to include the boundary condition (31). Our algorithm can be thought of in the following basic steps. First we choose the desired wetting properties of a surface (i.e., the wetting angle θ eq ). Next we calculate the required value of n · ∇C| s using Eqs. (35) and (31). Also unknown particle distribution functions at the wall sides are obtained from the bounce-back rule.
Random distribution of solid rods is chosen, since there is no regular distribution of particles in the media. The main property of this method is random choosing of nodes, which have to be filled. The solid cells are distinguished from fluid cells by a void fraction parameter F . The value of this parameter is equal to one for solid cells and zero for fluid cells. A random generator program is utilized to fill some percentages of domains. This program must have two properties. First, it distributes solid rods in the domain monotonously, i.e., it gives an equal filling chance to every grid. Second, its porous generation differs in its different runs. The total volume of filled cells must produce the desired porosity. The main configuration in this work is shown in Fig. 1 . Since in the current work we are faced with an artificial porous media, to impose the wetting boundary condition in such a case, we have already considered each obstacle's wall as a flat plate. This assumption will be appropriate when the minimum thickness of each square obstacle is not less than two lattices. For more details, suppose that the thickness of the obstacle is equal to 1 and the square obstacle is located inside the two-phase flow, in this case each side may face with different phases. Hence if one evaluates the value of composition C s on the solid node, different values would be evaluated for C s (the gradient of C s is sensitive to values of C which are near the wall and in perpendicular directions). To evaluate the correct C s values we have constructed random porous media with minimum thickness of two lattices for each obstacle.
Code verification
To verify the code accuracy, a 40 × 40 square droplet is located at the center of a square 100 × 100 computational field and both relaxation times are set to τ 1 = τ 2 . After release of the droplet, it begins to reshape and reach its minimum energy.
If the viscosity of the droplet is low, viscosity dissipation reduces and it appears in the droplet behavior. Fig. 2 shows this behavior at several moments. As it can be seen low viscosity dissipation allows the droplet to oscillate due to its surface tension. As viscosity increases, energy losses will increase. Comparison between Figs. 2 and 3 at the same time shows this fact. Against Fig. 2, in Fig. 3 the droplet does not oscillate and it reaches its final shape slower than in Fig. 2 .
Assuming that a two-dimensional droplet has the shape of a cylindrical segment, the contact angle can be obtained by measuring the base b, the height h and the radius r of the droplet (see Fig. 4 )
To verify the contact angle between the liquid-gas and solid surface, a droplet with a radius of 20 lu is initiated in the 140 × 60 computational field, tangent to the surface and after obtaining the equilibrium state, located at the solid wall. For the case of θ eq = 60°and θ eq = 120°the final shape of the droplet is presented in Fig. 5 . Note that, in order to evaluate flow parameters such as composition C , each obstacle has the minimum thickness of two lattice units. Also to show the validity of interaction between gas, liquid and solid obstacles qualitatively, competition between the capillary pressure and body force effects is presented in Fig. 6 . A droplet with an initial radius of 15 lu is located inside the porous media with a porosity of 0.93 which is put in the computational domain of 80 × 140. Also the value of body force is controlled by changing the value of gravitational acceleration.
As it is expected, by decreasing the body force, the droplet will be extracted slowly and finally it will stick in the substrate.
Results and discussion
In the problem of droplet impact on the permeable surface and its penetration into porous media nine non-dimensional parameters are considered [6] . These are the Reynolds number Re = ρ 1 u 1 D 1 /µ 1 ; the porosity ε = V pores /V total ; the Froude number Fr = u In the current work investigation of flow characteristics and porosity will be presented. To reach our aim we established a base case with ε = 0.93, θ eq = 60°, Re = 80, We = 400 and Fr = 0.5 with density ratio of 10 and viscosity ratio of 1. Note that in the base case the values of ρ 1 , ρ 2 , τ 1 and τ 2 are set to 1, 0.1, 1 and 1 respectively. And in the other cases these values would change to construct the desired conditions. The non-dimensional time counter is defined as t *
where T is related to total time. When the contact angle is smaller than 90°, the shape of the fluid inside the holes will be concave and the capillary pressure decreases to negative values. This gradient in pressure inside and outside the hole causes droplet penetration into the porous substance. In other words, capillary pressure in porous media injects fluid through the pores. On the other hand, if the contact angle is greater than 90°, the fluid inside the holes becomes convex and the capillary pressure will be positive and provides resistance against the droplet penetration into the porous media. To investigate the rate of penetration quantitatively, dimensionless parameters such as non-absorbed and penetration coefficients are defined as: h * = h/D and (1 − P) = 1 − (V 
where c 3 = 0.327. This relationship is important to show that the capillary pressure is associated with We, Da, ε, α and contact angle.
The Weber number
The value of the Weber number denotes the importance of inertia in relation to surface tension effects. When other parameters retain constant, any decrease in the We number denotes that the surface tension effect increases. Although surface tension is important due to its effects outside the substrate as well as inside, its main influence upon the spread/absorption process is related to the capillary pressure value. Fig. 7 presents a comparison between base case (We = 400) and We = 13.33. As it can be seen with a reduction of We, the droplet tends to keep its shape against the base case in which the droplet after the collision is patchy.
The Reynolds number
The Reynolds number expresses how fast the inertia of the droplet dissipates due to viscosity. When the droplet impacts with the non-permeable surface, the axial momentum transforms to the lateral and the droplet spreads on the surface. By increasing the Reynolds number the effect of viscosity decreases and total momentum dissipation reduces.
This process could occur on the permeable surface where after impingement the droplet begins to spread on the surface and penetrates through the substrates swiftly. As the droplet spreads its axial momentum transfer to lateral, its penetration depth will decrease. Fig. 8(a) and (b) illustrate this fact carefully. From Fig. 8(a) and (b) it is obvious that any decrease in Re cause a reduction in the penetration rate which is related to increasing the viscosity dissipations
The Froude number
The Froude number indicates the ratio between inertia and gravitational forces. If the Froude number increases and other parameters remain fixed, this means a reduction in the gravitational force and resistance against the penetration (Fig. 7) , hence any increase in the Froude number leads to a reduction in penetration rate. Fig. 8(a) shows in this case, the drop height outside the porous tends to zero but from Fig. 8(b) it can be understood that penetration has not been completed. This means that the droplet has spread on the surface.
Porosity
To examine the porosity effects, five cases have been considered. Porosity values are set to 0.74, 0.80, 0.86, 0.93 and 0.96 respectively. The results are shown in Fig. 9 (except for the case of ε = 0.80). As expected, it can be seen from this figure, with reduction in the porosity, the droplet will spread on the surface and its penetration rate decreases. This fact also can be seen from Fig. 10(a) and (b) . Fig. 10(a) shows the value of h at each porosity. According to this figure, strong reduction in h values is predicted at the first moments. On the other hand, Fig. 10(b) shows much less reduction in (1 − P) values, especially for the case of ε = 0.74 which states low penetration values. A comparison between these two figures expresses that at the lower porosities the droplet tends to spread on the surface. It should be noted here that, by increasing the time steps because of the capillary effect, finally the droplet will absorb into the porous media.
Density ratio
In this section the density ratio effects on droplet penetration will be discussed. In order for this four density ratios are considered: ρ r = 1, ρ r = 2, ρ r = 10 and ρ r = 20. Fig. 11 shows numerical results of these cases. From this figure, it can be seen that at ρ r = 1, because of reduction in the inertia force, the droplet could not permeate into the substrate. This fact is shown in Fig. 12(b) where less than 15% of the droplet is absorbed into the substrate. On the other hand, Fig. 12(a) shows that the value of h * decreases dramatically which indicates that the droplet deforms and splits outside the substrate. By increasing the density ratio and increasing the inertia force, the ability of the droplet to penetrate will increase. This matter is clearly obvious in Fig. 11 . Also a comparison between Fig. 12(a) and (b) expresses that when the penetration occurs slowly and reduction of h * becomes faster, the droplet has spread on the substrate surface, which is consistent with Fig. 11 . With further increase of the density ratio it can be seen that the rate of penetration tends to a constant value which can be understood by comparison between ρ r = 10 and ρ r = 20 in Figs. 11, 12(a) and (b) . 
Conclusion
In the current work, penetration of a two-dimensional droplet has been simulated. To model the droplet and its contact line dynamics, Lee's method was used and a porous substrate is generated randomly with square obstacles in which the porosity could be set to the desired values. A two-dimensional droplet was located tangent to the substrate surface and ejected at an initial velocity into the porous media. Flow characteristics such as Re, We, and Fr along with porosity and density ratio ρ r effects on the dynamics of the droplet have been investigated and their numerical results were shown graphically. Fig. 11 . Simulation of impact of droplet on the permeable surface at different density ratios. (The initial radius of the droplet is set to 20 lu and the 140×100 computational domain is considered.) Fig. 12 . Plot of (a) h * and (b) (1 − P) versus dimensionless time t * , at different density ratios.
